Dissipative soliton resonance (DSR) occurs in the close vicinity of a hypersurface in the space of parameters of the equation governing propagation in a dissipative nonlinear medium. Pulsed solutions can acquire virtually unlimited energies as soon as the equation parameters converge toward that specific hypersurface. Here we extend previous studies that have recently unveiled DSRs from the complex cubic-quintic Ginzburg-Landau equation. We clearly confirm the existence of DSR for a wide range of parameters in both regimes of chromatic dispersion, and we establish general features of the ultra-high-energy pulses that can be found close to a DSR. Application to high-energy mode-locked fiber oscillators is discussed.
INTRODUCTION
For the past few years, there has been an intense experimental research activity in developing high-energy single-pulse oscillators within passively mode-locked fiber laser technology. The energy available in short or ultrashort coherent pulses has increased by several orders of magnitude in less than a decade, from the nanojoule to the microjoule level [1] [2] [3] [4] [5] [6] . In the course of scaling up the output power available from compact fiber laser oscillators, several key strategies have been identified. In addition to the improvement of high-power pumping laser diodes and double-clad rare-earth-doped fiber amplifiers [7] , specific strategies are certainly required to avoid the single-pulse energy limitations imposed by pulse breakup and multiple pulsing that result from an excess of nonlinear phase shift per round trip.
To reduce nonlinearity impairments, the use of largemode-area photonic crystal fibers has become widespread [6, 8] . In addition, the available energy from the pumping source can be converted into higher-energy pulses when the cavity fundamental repetition rate is decreased. In that respect, the prospect of developing ultralong passively mode-locked fiber lasers is particularly attractive [4] , as long as the stability issue of kilometer-long cavities can be resolved satisfactorily. But the point is that most high-energy-pulse strategies consist of favoring the circulation of highly chirped pulses in normally dispersive fiber links [3, 9, 10] . Cavity designs and corresponding experiments have successively considered dispersionmanaged laser cavities [11] , and wave-breakup-free, selfsimilar, and all-normal-dispersion fiber lasers [3, 12, 13] . Although, in essence, the common trend corresponds to incorporating the well-established concept of chirpedpulsed amplification inside the laser oscillator [9, 14, 15] the solution is not so obvious since, unlike the use of an external amplifier, the input field at the amplifier section is not known in advance-it results from a global dynamical balance of the various physical effects at play inside the whole laser cavity. A model of the laser cavity will generally correspond to a rather extended set of parameters; and, of course, several classes of cavity designs can be considered.
Hence, it is useful to map the possible dynamics that can be found out of simple master equations for modelocked lasers. Due to its applicability to various modelocked lasers schemes and its universal features that allow correspondence in several fields of nonlinear science, the complex cubic-quintic Ginzburg-Landau equation (CGLE) is a master equation of choice. Each of its terms describes, in a distributed way, a given physical effect at play in a mode-locked laser [16, 17] .
The study of pulsed dynamics from the CGLE has allowed a natural explanation of several unusual singleand multiple-pulse dynamics that have been observed in mode-locked lasers, such as self-pulsations [18] , explosions [19] , and the formation of multi-soliton complexes [20, 21] . Investigations based on the CGLE have been crucial in the development of the concept of dissipative solitons [17] , which is now a well-established notion in the community of physicists. It provides, for instance, a clear frame for understanding the existence of stable ultrashort laser pulses produced in normally dispersive mode-locked laser cavities.
During numerical explorations of dissipative soliton so-lutions in the parameter space of the CGLE, a certain region of the equation parameters was found where the energy of single pulses increased indefinitely whenever the equation parameter converged to this region [10] . A set of parameters where the soliton energy diverges to infinity was called a dissipative soliton resonance (DSR) [22] . Found in the normal dispersion regime, it initially required a positive quintic reactive nonlinearity to appear [10, 22] , but then DSR was also revealed in the chromaticdispersion-free ͑D =0͒ regime, along with negative quintic reactive nonlinearity [23] . The existence of DSR with negative quintic reactive nonlinearity, which corresponds to the higher-order CGLE, seems indeed more physical, although we shall discuss further the possible relevance of a DSR to the positive quintic reactive nonlinearity. In addition, convincing arguments were advanced in [23] for the existence of DSR in the anomalous dispersion regime, although the existence of DSR with markedly anomalous dispersion was not obviously shown. Recently there has been experimental support for this idea, with the demonstration of pulses that are approximate examples of DSR [24] . Finding the region of parameters where DSR exists is a tedious task, as it requires an enormous number of numerical simulations. Although this work can be simplified with approximations of the pulse shape, finding the set of parameters which provides for the simultaneous existence of the effect in the normal and anomalous regimes still needs numerical simulations.
In this work we find, numerically, such a large DSR region, and we detail the pulse shapes that may appear if this range of parameters is taken. We then present the general pulse features in the vicinity of a DSR that are common to both dispersion regimes and to all numerical observations of DSR reported so far. We show that an elaborate trial function allows for an excellent retrieval of the DSR location in the anomalous dispersion part of the explored parameter domain. Finally, we discuss the impact of our work in the context of related ongoing theoretical and experimental works.
RESONANCES IN ANOMALOUS AND NORMAL DISPERSION REGIMES
We have extended previous numerical studies in the parameter space of the CGLE, in order to clearly demonstrate the existence of DSRs for both dispersion signs over a wide range of parameters, especially in the anomalous dispersion domain. For the sake of clarity, let us recall the distributed cubic-quintic Ginzburg-Landau equation under study:
͑1͒
The optical envelope is a complex function of two real variables, i.e., = ͑t , z͒, where t is the retarded time in the frame moving with the pulse, and z is the propagation distance. The left-hand-side of Eq. (1) only the way they are here, as explained in our previous works. However, the sign for still admits a certain freedom. The reactive quintic nonlinearity was chosen to be negative in accordance with the result of a previous study, i.e., Eq. (14) in [22] . Indeed, the reduced system constructed using the chirped super-Gaussian type function indicated that should be negative to shift the DSR into the anomalous dispersion regime. We varied the remaining two parameters and studied the energy of stable pulse solutions in the twodimensional parameter space ͑D , ⑀͒. The results of this numerical exploration are shown in Fig. 1 , which displays in color scale (online) or gray scale (in print) the region of existence of solitons and the energy of stable solitons in this region.
The DSR curve in this plot is the upper boundary of the soliton existence region. It is easy to see that the DSR curve runs continuously from normal to anomalous dispersion and occupies significant intervals in each of these regions. This is considerably different from the results found in [10, 22] .
Each point of this upper boundary corresponds to a limit where the energy of dissipative solitons tends to become infinite. This may be seen if we plot the pulse energy versus either of the variables ⑀ and D. In particular, we can fix the value of ⑀ and plot Q versus D. We can also observe the pulse shape variations when D changes along the chosen line on the ⑀-D plane. Two of these lines are marked in Fig. 1 by stars and vertical crosses. One of the two sets is chosen to illustrate the pulse transformations when approaching the resonance line in the normal dispersion regime, while the other set is chosen in the anomalous dispersion regime. The dashed line is an analytical approximation to the resonance curve [22] .
In the normal dispersion regime, the nonlinear gain parameter is chosen to be ⑀ = 0.25, while the dispersion parameter takes the following three values: D = −2.1, Ϫ2.2, and Ϫ2.3. The curves representing the corresponding pulses are shown in Fig. 2 . We can see that when changing D from Ϫ2.1 to Ϫ2.3, the pulse duration increases by a factor of 4, whereas the increase in pulse amplitude is limited [see Fig. 2(a) ]. At the same time, the spectral width hardly changes [see Fig. 2(c) ].
This type of pulse transformation is quite general near any other point of the DSR curve. Indeed, the increase in pulse width entails an increase in pulse energy without meaning a trivial transition from pulse solutions to continuous waves (cw's). Also, the frequency chirp is another important feature of the pulse. Moving a little further in the parameter space to the location of the resonance ͑D Ӎ −2.32͒ entails an abrupt increase in the soliton pulse width and energy. Chirped pulses of virtually unlimited energy can thus be found in the CGLE model in the region with normal dispersion.
When shifting ⑀ above the value of 0.41, DSR occurs in the anomalous dispersion regime. We illustrate the existence of DSR in the anomalous dispersion regime by choosing ⑀ Ϸ 0.44, which provides a DSR when D Ӎ 0.74. Pulse shape, chirp, and the spectral curves are shown in Fig. 3 for the following three dispersion values: D = 1.25, 1.00, and 0.75.
In these examples, the flat-top effect for pulses close to a DSR appears to be more pronounced than for the normal dispersion case [see Fig. 3(a) ]. The chirp is linear across the flat-top part of the pulse. This corresponds to a parabolic phase profile-a useful feature that allows, in principle, efficient pulse compression through common dispersive components such as grating pairs. As in the normal dispersion regime, the increase in pulse duration when approaching the DSR curve is not accompanied by a reduction in the spectral width. This means that the changes in pulse profile do not correspond to the trivial transition toward a cw solution.
When changing D from 1.25 to 0.75, the optical spectrum broadens and becomes more structured [see Fig.  3(c) ]. This is partly related to the evolution of the phase profile across the pulse that comes along with the flat-top effect as can be seen from Fig. 3(b) . At the same time, the frequency chirp is almost linear along the flat-top part of the pulse. It undergoes abrupt changes only at the two pulse ends.
Let us confirm that the chirp sign in the central part of the pulses is the same across the entire region of stable solitons in all dispersion regimes as can be seen from the plots in Figs. 2(b), 3(b) , and 4(b): the pulses are redshifted to the leading edge. Although this fact seems counterintuitive in the anomalous domain, it is required by the continuity of the DSR curve which goes from the normal to the anomalous dispersion domain.
The lower boundary of the dissipative soliton existence region is the curve where solitons lose their stability. The solitons at this edge become weaker and do not have sufficient pump energy to support them. The pulse changes close to this boundary are illustrated in 
GENERAL DSR FEATURES
Despite a few differences in the pulse profiles near the DSR curve in the normal and anomalous dispersion regimes, we can point out their common features as well. These are quite general, and they are fully compatible with all previous results [10, 22, 23] . By our definition, a DSR occurs at the set of parameters where the pulse solutions can acquire virtually unlimited energy.
Clearly, using the CGLE model (1), one has to be careful when extrapolating the results to real systems such as mode-locked lasers. We have to remember that there is no global saturation, and that cw solutions with nonzero amplitude also possess an infinite energy. Thus, we need certain criteria in order to distinguish a DSR from a trivial transition from soliton to cw solutions. Indeed, in all the examples shown above, pulse duration is seen to increase dramatically in the vicinity of a DSR, whereas the pulse amplitude seems to converge to a given plateau value in the pulse flattening process when parameters approach the DSR resonance curve.
Obviously, the pulse spectral width should remain above a significant nonzero lower limit, while the pulse duration goes to infinity. This has several consequences. The pulses should always have frequency chirping. We assume that the spectral width remains finite, which is a reasonable assumption, taking into account both the expected influence of the spectral filtering term with coefficient ␤ and the results of existing simulations.
A long pulse plateau is also compatible with quasilinear frequency chirping. Hence, in the limiting case, the amount of chirp should be inversely proportional to the pulse duration. Since the amount of chirp tends to zero when the pulse duration tends to infinity, the influence of the temporal derivatives in the CGLE also tends to zero in the main part of the pulse. As a consequence, the value of the pulse amplitude can be given accurately by solving the CGLE for the cw solution, which becomes a polynomial equation. Nevertheless, we stress the fact that the limiting case is not the cw solution due to the finite spectral width of the pulse.
More precisely, the pulse energy, Q = ͐ −ϱ ϱ ͉͉ 2 dt, increases:
the peak power P reaches a constant value:
the pulse length
while the product of chirp C = ‫ץ͑‬ 2 / ‫ץ‬t 2 ͒ t=0 and the pulse length tends to a constant:
Relations (2)- (5) define general features of DSRs in the CGLE model. Naturally, relation (2) and the peak power given by Eq. (3) imply relation (4) that is explicitly provided for clarity.
RESONANCE CURVES
Numerical simulations require special techniques near the DSR, thus making them especially tedious. Finding the exact DSR curves, such as in Fig. 1 , for each set of parameters is a lengthy procedure that requires many days of calculations. Using approximations that involve trial functions makes the work much quicker, although the results need to be always checked by numerical simulations of the original equation. Implementing this technique was initiated in [22] . Namely, using the method of moments and a trial function in the form of a chirped superGaussian, an approximate resonance curve was indeed found. The resonance curve in this technique can be written as an explicit expression involving the CGLE parameters. The results provided by this expression are shown in Fig. 1 by a dotted line. It can be seen that the qualitative features of the DSR curve are indeed the same as in numerical simulations. It is hard to expect a better fit, taking into account the rough approximation of the above trial function. However, it is clear that the chirped superGaussian fails to approximate the DSR in the anomalous dispersion part of the domain under study.
In the present work, we made efforts in improving the approximation using a more elaborate trial function developed in [25] . Namely, we have used the following trial function:
with the amplitude function 
and the phase given by
where d and C are chirp parameters, and is the shape factor. Clearly, the amplitude function (7) is a good approximation for the pulse shapes having almost rectangular profile when the shape factor tends to 1. However, a major improvement in DSR approximation comes from the second term in Eq. (8) which provides a linear chirp in the extended part of the pulses near the DSR. The slice of the surface Q͑⑀ , D͒ at the line ⑀ = 0.44 in Fig. 1 is shown in Fig. 5 by the blue line. It is obtained from direct numerical simulations of the CGLE. Red dots represent calculations with the trial function (6) following the same technique as in [25] . It can be seen that function (6) provides a considerably better fit than the superGaussian function. Indeed, the difference in D between the numerical curve and the approximated one is here less than 0.1, while the same difference between the dotted line and exact resonance in Fig. 1 is around 1.5 . However, this depends on the particular choice of CGLE parameters. We should note that there is no universal trial function with a limited number of parameters that can be accurate for any arbitrary set of parameters.
DISCUSSIONS AND CONCLUSION
Conditions (2)- (5) for solitons near the DSR curve describe ultralong high-energy pulses that feature frequency chirping, and that fall inside a given optical amplifier bandwidth. As such, they represent a guideline to increase the pulse energy in an almost unlimited way in a given laser configuration where just a limited number of parameters require fine tuning. Using such fine tuning of cavity parameters to approach the dissipative soliton resonance (DSR), the practical limitation is the available pumping power and conditions for channeling that power into a single pulse. Although we cannot rule out the possibility that higher-order effects could add more practical limitations, the guidelines presented by Eqs. (2)- (5) seem to be robust with respect to most of them. Indeed, the increase in pulse energy does not involve either an increase in the pulse amplitude or an increase in the pulse spectral width. The existence of DSRs found from the study of the general CGLE model reveals that there should be a selfcontained universal route to implement the chirpedpulsed amplification concept inside the laser oscillator itself, namely, scalable high-energy chirped-pulsed oscillators. The goal of developing the principle of these energy-scalable chirped-pulse oscillators has been recently investigated in [15] . Under the main assumption that dispersive effects would dominate dissipative ones, the authors found chirped solitary pulses that are approximate analytical solutions of the CGLE and obey energy scalability in the normal dispersion regime [26] . They also provided convincing comparisons with experiments. Let us remark that the concept of DSR turns out to be more general since it is not limited by the assumption of relatively small dissipative effects, nor it does require positive dispersion to manifest itself.
From the practical point of view, the present work should provide incentives to the design of novel fiber laser cavities that are able to support DSRs. As an original and less expected result, we point out the possibility of operating a mode-locked laser that generates high-energy single pulses in the anomalous dispersion regime as well, provided that the set of other physical effects at play, particularly dissipative ones, is found adequately. This means, in practice, that the saturable absorber should correspond to a specific nonlinear transfer function, although the ways of implementing this transfer function into a cavity could be a difficult task.
When making a practical application of the results obtained from the study of a general distributed master equation such as the CGLE, several important issues require attention. First of all, a real laser system is made of several parts, in which propagation conditions differ. In this respect, it is worthwhile to mention that the DSR does also exist in laser models with parameter management [27] . DSR appears as a robust phenomenon that survives the presence of periodic propagation discontinuities, in general, and dispersion management, in particular. The latter is a commonly used design in mode-locked fiber laser systems.
Second, establishing a relationship between the CGLE parameters and those of the various fiber laser elements is a highly non-trivial task that has been undertaken in a limited number of publications. In [28] , the authors used a multi-scale iterative approach to establish the link between the physical parameters of a fiber ring laser mode, locked through nonlinear polarization evolution. This involved the orientation angles of bulk phase plates and the coefficients of the CGLE equation. In particular, calculations included the quintic dissipative term , but no correspondence was found for the quintic reactive nonlinearity . This work was recently extended in [29] where the authors found relations for both and quintic terms. In this work, the nonzero effective quintic reactive nonlinearity appears from the iterative averaged approach, whereas no saturation of the Kerr effect is expected in the optical fibers used in practice. This work provides an additional support to the idea of exploration of the CGLE dynamics as a laser model, where the use of both quintic terms is essential. Hence, it is likely that the existence of DSRs will be unveiled in an increasing number of theoretical and experimental situations as well.
